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REMARKS ON EXISTENCE/NONEXISTENCE OF ANALYTIC SOLUTIONS TO
HIGHER ORDER KDV EQUATIONS
ANNA KARCZEWSKA AND PIOTR ROZMEJ
ABSTRACT. In this note, we discuss the existence of analytic solutions to the nonlinear wave equa-
tions of the higher order than the ubiquitous Korteweg-de Vries (KdV) equation. First, we recall our
recent results which show that the extended KdV equation (KdV2), that is, the equation obtained within
second-order perturbation approach possesses three kinds of analytic solutions. These solutions have
the same functional form as the corresponding KdV solutions. We show, however, that the most intrigu-
ing multi-soliton solutions, known for the KdV equation, do not exist for KdV2. Moreover, we show
that for the equations obtained in the third order perturbation approach (and then in any higher order)
analytic solutions in the forms known from KdV theory do not exist.
1. INTRODUCTION
The general problem of fluid motion with arbitrary boundary conditions leads to a set of Navier-
Stokes equations. In most cases attempts to solve these equations lead to extremely difficult problems.
Therefore in many cases, some simplified models are introduced. For shallow water problem, physi-
cists use the ideal fluid model. This means that fluid is assumed to be incompressible and inviscid with
additional assumption that the fluid motion is irrotational. Since in normal conditions water viscosity
and compressibility are very small the model should reproduce the fluid motion with reasonable ac-
curacy, until waves on the surface do not break. So, for ideal fluid one obtains a system of four partial
differential equations on two unknown functions, the velocity potential φ(x, y, z, t) and the surface
elevation η(x, y, t). This system contains the Laplace equation for velocity potential, kinematic and
dynamic boundary conditions at the (unknown) surface and the kinematic boundary condition at the
bottom. At this stage coordinates and time are dimensional quantities.
The introduction of scaled dimensionless coordinates to the system of the hydrodynamic Euler
equations allows us to apply a perturbation approach. The solution of the velocity potential is assumed
in the form of power series with respect to small parameter β = (h
l
)2. Here, h denotes the water depth,
l is an average wavelength. The boundary conditions at the hard bottom and the free surface introduce
dependence on the second small parameter α = A
h
, where A is the amplitude of the surface wave.
The final wave equation for the surface wave can be obtained in different orders of the perturbation
approach. It is worth noticing that the result of the perturbation approach depends on the relation
between the small parameters. The case when α = O(β), that is, α and β are of the same order,
corresponds to weakly dispersive nonlinear waves and leads to the KdV equation [1]. It is worth
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noticing that the KdV equation appears to be first order nonlinear wave equation in several different
systems, like multilayer fluids, ion acoustic waves in plasma, electric circuits, and propagation of
optical impulses in fibers, among others, see, e.g. monographs [2–4].
In the fixed reference frame and scaled dimensionless coordinates the KdV equation has the fol-
lowing form (indexes denote partial derivatives, e.g., η3x ≡ ∂3η∂x3 )
(1) ηt + ηx +
3
2
αηηx +
1
6
βη3x = 0.
When the perturbation approach is continued to second order the resulted equation is known as the
extended KdV [5] or KdV2
(2) ηt + ηx + α
3
2
ηηx + β
1
6
η3x − α23
8
η2ηx + αβ
(
23
24
ηxη2x +
5
12
ηη3x
)
+ β2
19
360
η5x = 0.
Taking into account all terms up to the third order in small parameters one arrives at the following
KdV3 equation
ηt + ηx + α
3
2
ηηx + β
1
6
η3x − α23
8
η2ηx + αβ
(
23
24
ηxη2x +
5
12
ηη3x
)
+ β2
19
360
η5x
+ α3
(
3
16
η3ηx
)
+ α2β
(
19
32
η3x +
23
16
ηηxη2x +
5
16
η2η3x
)
(3)
+ αβ2
(
317
288
η2xη3x +
1079
1440
ηxη4x +
19
80
ηη5x
)
+ β3
55
3024
η7x = 0.
The equations (1)-(3) are valid in the fixed reference frame. Mathematicians prefer simpler ver-
sions of KdV obtained by a transformation to a frame moving with a natural velocity (equal 1 in
dimensionless coordinates or
√
gh in dimension coordinates). For instance, in the case of β = α, the
following change of variables xˆ =
√
3
2
(x− t), tˆ = 1
4
√
3
2
αt and u = η transforms (1) into
utˆ + 6uuxˆ + u3xˆ = 0
commonly used in mathematical papers.
The paper is organized as follows. In section 2 we give a short overview of analytic solutions
to KdV. In section 3 the analytic solutions to KdV2, which have the same functional forms as the
corresponding KdV solutions, are presented. We show that for KdV2 exact multi-soliton solutions
do not exist. In section 4 we show that there are no analytic solutions for any higher order KdV
equations.
2. KDV AND ITS SOLUTIONS
The KdV equation possesses many miraculous properties. The most striking is the existence of
an infinite number of integral invariants which correspond to conservation laws. There exist several
kinds of analytic solutions to KdV: single soliton solutions, periodic (cnoidal) solutions, periodic ‘su-
perposition’ solutions, and multi-soliton solutions. Two first kinds of these solutions can be obtained
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by direct integration (see, e.g., monographs [2, 3]). Below we show another method of obtaining sin-
gle soliton and periodic solutions, applicable not only to KdV but also to KdV2. This method allows
us to compare solutions of the same kind for equations of a different order.
2.1. Single soliton solutions. Assume solutions of the KdV equation in the form
(4) η(x, t) = Asech2[B(x− vt)] = A sech2(By),
where y = x− vt. Substitution of (4) into KdV (see, equation (1)) gives
(5) − 1
3
AB tanh(By) sech4(By)[G0 +G2 cosh(2By)] = 0.
Equation (5) is valid for any argument only when simultaneously
(6) G0 = 3− 3v + 9αA− 10βB2 = 0, and G2 = 3− 3v + 2βB2 = 0.
This gives immediately
(7) B =
√
3α
4 β
A, v = 1 +
α
2
A
and the solution coincides with that obtained by direct integration of (1).
Remark 1. It is clear from (7) that solutions exist for arbitrary parameters α, β. Since KdV imposes
only two constraints on three coefficients A,B, v, there exists a one-parameter family of solutions.
Usually, the amplitude A can be considered arbitrary, within the range in which α stays small.
2.2. Periodic (cnoidal) solutions. In this case, the solution is postulated in the form of the cnoidal
wave
(8) η(x, t) = A cn2[B(x− vt), m] +D.
Equivalently, instead of the Jacobi elliptic cn function, dn or sn Jacobi elliptic functions can be used.
Then, substitution of (8) into KdV yields equation analogous to (5), 1
3
AB cn sn dn [G0 +G2 cn
2] = 0.
So, there must be
(9) G0 = 4βB
2 − 8βB2m− 9αD + 6v − 6 = 0, and G2 = 12βB2m− 9αA = 0.
Equation G2 = 0 implies
(10) B =
√
3α
4 β
A
m
.
Volume conservation condition determines
(11) D = −A
m
[
E(m)
K(m)
+m− 1
]
.
In (11), E(m) and K(m) are the complete elliptic integral and the complete elliptic integral of the
first kind, respectively. Then from G0 = 0 one has
(12) v = 1 +
αA
2m
[
2−m− 3 E(m)
K(m)
]
.
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Remark 2. In the case of cnoidal solutions, KdV with volume conservation condition supply three
constraints on five parameters A,B, v,D,m. Then there is some freedom in allowable ranges of the
coefficients. Usually, the amplitude A is considered arbitrary, until there is no contradiction with the
condition that α is small. In principle, the elliptic parameter can take values from the whole interval
m ∈ [0, 1].
2.3. Periodic ‘superposition’ solutions. Assume solutions to KdV in the form
(13) η±(y) =
A
2
[
dn
2(By,m)±√m cn(By,m) dn(By,m)]+D.
Coefficient D is necessary in order to maintain, for arbitrary m, the same volume for a wave’s eleva-
tions and depressions with respect to the undisturbed water level. This form of the solution (without
D term) has been proposed only recently in [6].
Insertion of (13) into (1) gives equation analogous to (5), which after some simplifications takes
the form F0 + F2 cn2 + F11 cn dn = 0. Then there are three conditions on the solution
F0 = 9αA− 9αAm− 2βB2 + 10βB2m+ 18αD − 12v + 12 = 0,(14)
F2 = 9αAm− 12βB2m = 0,(15)
F11 = 9αA
√
m− 12βB2√m = 0.(16)
Equations (15) and (16) are equivalent and yield the same
B =
√
3α
4β
A.(17)
Then volume conservation condition together with (14) determine D and v as functions of A andm
(18) D = −A
2
E(m)
K(m)
and v = 1 +
αA
8
[
5−m− 6 E(m)
K(m)
]
.
The solutions η± (13) are different than those given by (8). However, the remark 2 applies to these
solutions, as well.
2.4. Multi-soliton solutions. The existence of multi-soliton solutions is one of the most exciting
properties of the KdV equation. Zabusky and Kruskal [7] noticed the first indication of that property
in their famous numerical experiment. The paper [7] inspired intensive studies which resulted in the
development of a general method, by Gardner, Green, Kruskal and Miura [8], called IST (Inverse
Scattering Transform). The IST allows us to construct the whole family of multi-soliton solutions.
There exist also other methods for construction of multi-soliton solutions (e.g., Bäcklund transfor-
mations, Lax pairs, Hirota’s direct method). During their motion solitons having different velocities
collide and regain their shapes after reseparation. KdV equation permits for the existence of solitons
with different amplitudes (and therefore different velocities). Therefore multi-soliton solutions exist.
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3. ANALYTIC SOLUTIONS TO KDV2
In this section, we discuss the solutions to KdV2 equation (2) derived by us in the same way
as solutions to KdV (1) in section 2. In [9–13], we have shown that for the KdV2 equation there
exist analytic solutions of the same forms as solutions to KdV (4), (8) and (13) but with different
coefficients A,B,D, v. Here, we give a brief overview of these results, the full presentation of which
is contained in [9–13].
3.1. Single soliton solution to KdV2. Substitution of the postulated form of the solution (4) into (2)
leads (after some simplifications) to the equation analogous to (5) but containingC0+C2 sech
2(By)+
C4 sech
4(By) in the square bracket. This implies three linearly independent equations for three un-
knowns coefficients A,B, v
(1− v) + 2
3
B2β +
38
45
B4β2 = 0,(19)
3Aα
4
− B2β + 11
4
AαB2β − 19
3
B4β2 = 0,(20)
−
(
1
8
)
(Aα)2 − 43
12
AαB2β +
19
3
B4β2 = 0.(21)
From (21), denoting z = βB
2
αA
one has
(22)
19
3
z2 − 43
12
z − 1
8
= 0,
with roots
(23) z1 =
43−√2305
152
≈ −0.033 < 0 and z2 = 43 +
√
2305
152
≈ 0.599 > 0.
Since for soliton solution A > 0, only z = z2 has physical relevance (B2 > 0). In this case (see
[9, 13]), all three coefficients of the solution are fixed by the coefficients of the KdV2 equation α, β
(24) A ≈ 0.242399
α
> 0, B ≈
√
0.145137
β
, v ≈ 1.11455.
3.2. Periodic cnoidal solutions to KdV2. Substitution of the postulated form of the solution (8)
into (2) leads, similarly as in the soliton case discussed in subsection 3.1, to three linearly indepen-
dent equations for four unknowns coefficients A,B,D, v which have to be supplemented by volume
conservation condition. The last one gives the relation D = −A
m
[
E(m)
K(m)
+m− 1
]
, analogous to that
in (18). Substitution z = B
2 β
Aα
m transforms one of the equations into (22). In this case, however, both
positive and negative z roots (23) can be relevant. For both z-roots the explicit formulas forA,B,D, v
are obtained as functions of α, β and the elliptic parameterm. Although frommathematical viewpoint
all values ofm ∈ [0, 1] are admissible, the defnition of small parameter α requires that the amplitude
coefficient A can not be much greater than one (in scaled coordinates). This requirement puts limits
on the physically relevant values of the elliptic parameterm.
For the case z = z2, physically reasonable values of A occur only in a narrow interval of m close
to 1 (remember that when m → 1 the space period of cnoidal wave tends to infinity and the solution
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tends to the soliton solution). These solutions are ‘normal’ cnoidal waves with the crests up and the
troughs down, slightly different from cnoidal KdV solutions.
For the case z = z1, however, the cnoidal KdV2 solutions exhibit a new feature. B is real for
negative A. This fact means that the solutions are ‘inverted’ cnoidal waves, with the crests down and
the troughs up. The reasonable values of |A| occur only for smallm ∈ [0,≈ 0.2). Therefore shapes of
such waves are not much different from the usual cosine waves. For more details, we refer to [10,13].
3.3. Periodic ’superposition’ solutions to KdV2. In this case, the general procedure for obtaining
the solutions of KdV2 equation is analogous to that for the KdV case, described in the subsection 2.3.
Insertion of η± into the KdV2 equation (2) supplies now the equation of the form F0 + F2 cn2 +
F4 cn
4 + F11 cn dn + F31 cn
3
dn = 0. It appears, however, that only three of equations Fi = 0 are
linearly independent and with volume conservation condition constitute four equations for unknown
coefficients of solutions. Substitution z = B
2 β
Aα
transforms one of these equations into (22). Then,
similarly as in the case of cnoidal solutions, two cases occur, when z = z1 and z = z2. Finally,
the ‘superposition’ solutions to KdV2 are qualitatively similar to cnoidal solutions, but with slightly
different amplitudes, velocities and wavelengths. For more details, we refer to [11–13].
3.4. Nonexistence of multi-soliton solutions to KdV2. The given KdV2 equation (given values of
α, β parameters) determines the unique single soliton solution (presented in subsection 3.1). This fact
means that for KdV2 there is no room for solitons moving with different velocities (and amplitudes).
Therefore, multi-soliton solutions to KdV2 cannot exist.
4. NONEXISTENCE OF ANALYTIC SOLUTIONS TO HIGHER ORDER KDV EQUATIONS
Searching for single soliton solutions we substitute the postulated form of the solution (4) into (3).
This yields the equation
(25) C0 + C2 cosh
2[B(x− vt)] + C4 cosh4[B(x− vt)] + C6 cosh6[B(x− vt)] = 0,
where all Ci are functions of A,B, v. The equation (25) implies C0 = C2 = C4 = C6 = 0. These
equations are linerly independent and since the number of equations exceeds the number of unknowns
they appear to be contradictory. Therefore, single soliton solutions to KdV3 do not exist.
Proceeding in the analogous way with search for cnoidal solutions (8) one reaches the similar
structure of four conditions C0 = C2 = C4 = C6 = 0. However, volume conservation condition
supplies the fifth equation. In this case, there are four unknowns A,B, v and D. Again, similarly as
in the previous case, the five equations for the unknown coefficients appear to be contradictory.
Qualitatively the same contradiction of equations is obtained for coefficients of ‘superposition’
solutions to KdV3. In this case, the number of linerly independent equations exceeds the number of
unknowns, as well.
Conclusion: For the KdV3 equation single soliton solutions (1), cnoidal solutions (8) and
‘superposition’ solutions (13) do not exist.
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